p = effective specific resistance of electrolyte in elec-
trode pores
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Relative Velocities and Pressure Drops in
Clouds of Drops, Bubbles, or Solid Particles

Relative velocities of assemblages of drops or bubbles
with respect to the continuous phase depend on many
parameters. Generally, these include the densities and vis-
cosities of both phases, the local acceleration, the size and
shape of the particles, wall effects, concentration of parti-
cles and concentration of the practically ever-present sur-
factant impurities. The effect of the last two parameters on
viscous flow in assemblages consisting of many spherical
drops or bubbles (moving in an overall uniform velocity
field) has been analyzed recently by Gal-Or and Waslo
(2). Employing a free-surface cell model, they expressed
their results in terms of the “ensemble” (ens.) relative
velocity

3 Y
Uens.‘:"é"Us (‘bl/a‘“'ﬁ) (1)
where
W=3(1+'§-B)+2¢5/3(1-—ﬂ) (2)
2
Y=2(1+,8)+3¢5/3(1——3—ﬁ) (3)
K »e
B= = (4)
Wity ,Ld—%K(aa/ar)
and
K= 2Toa (5)

2D¢ + o Dy*a?/[Dy* + a® 8(3/8C) (]

Here @ is the volumetric fraction occupied by the particles
and y an interfacial viscosity due to surfactant impurities.

More recently, a zero-vorticity cell model has been em-
ployed by Gal-Or (3) to express ensemble relative velocity
as

3
Uens = — = U, (W’<1> —-Y + —:—qM ) (8)

C?nn ;pond con this article should be addressed to Prof.
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Heife, lsroel
where
/A 1 2 — —
w ._—3—_;3;9— [—5-45(1 8) 1] (7)
and
, 1
Y-——__3+2B (®+ 28+ 2) (8)

The aim of this paper is to evaluate an alternative defi-
nition of relative velocity and then to check which one
may better characterize experimental data on viscous flow
at low Reynolds numbers in dispersed systems. Employing
the aforementioned models, we derive new formulations
for the average relative velocity and pressure drop which
may be widely applicable in characterizing viscous flows
of drops or bubbles.

AVERAGE RELATIVE VELOCITY

The capability of Equations (1) and (6) to predict en-
semble velocities is shown in Figure 1. Curves 1 to 4 are
based on Equations (6), (1), (15), and (12), respec-
tively; curves 6 and 7, on semitheoretical relations of
Oliver (12) and Hawksley (7), respectively; curves 5 and
9 on experimental data of Adler and Happel (1) and Hap-
pel and Epstein (5), respectively; and curve 8 on ex-
perimental data of Hanratty and Bandukualka (4), Le
Clair (8), and Lewis et al. (10). The theoretical predic-
tions are, in general, lower than the experimental data.

Actual experimental data of this type are generally re-
ported in terms of average relative velocity between the
two phases involved (sometimes called the “slip” veloc-
ity). Comparison between experimental data and theoreti-
cal relations should, therefore, be carried out on this basis,
rather than on the basis of Uens. The average relative
velocity for a spherical cell model is defined by

27 P-1/3
[V lo=u/2 a® ndndé

=0 V=90

Urel. =

wa2 (@23 — 1)
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27 1
j;=o J:,___o [Ve*lo=x/2 6% ndnd¢
— (9)

This definition may at first sight seem to be inconsistent
with some of the early uses of the cell models (6), where
the inner sphere in the cell was assumed to move in a
straight line with the ensemble velocity. However, such
an assumption has not been used in the evaluation of the
velocity components Vj as introduced in Equation (10).
Hence this new definition of the average relative velocity
is consistent with the general concept of a cell model which
is so useful in the evaluation of simultaneous momentum,
heat, and mass transfer in concentrated particulate systems
(14).

Here one must also bear in mind that the velocity com-
ponents given below represent a statistical expectation (3)
of the velocity field in ensembles consisting of many drops
or bubbles. They do not represent the velocity field as
may be measured around a given particle in the ensemble.
Therefore, Uy, is an expected statistical property of the
entire ensemble. Employing in Equation (9) the tangential
velocities

3 U,( 1 1 )
V°=—-"—"- _________W — S5/ i
o T W o 2y + Y —2@%342 ) sing
(10)
V= Ye g1 ey (o —1)sing  (11)
2 W

from the Gal-Or and Waslo solution (2), and noting that
the second integral in Equation (9) must vanish, the aver-
age relative velocity is expressed by

o ol

02 03 04 05 06
P

Fig. 1. Comparison of theory and experimental data for flow
through beds of fluidized solid particles. Data adapted in part from
Le Clair and Hamielec (9).
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Fig. 2. Dependence of average relative velocity (solid lines) and
of ensemble velocity (dashed lines) on the void fraction and the
viscosity ratio n°/(u% 4 v), based on the free-surface model.

_ 3 13— ] 53 1 Y
Urel.="’_Us[ - - "'—‘]
2 -1 W(e—23-1) W
. (12)
Similarly for the zero-vorticity model (6)
3 ( 1 1 2 )
V = —_— —— — (4 "’ — 2 3
) 2U, 21]+27,3W+Y 5% sin 8
3 U ()
= __:é_ 1— — i
[; 2 3128 ( @) (1 — 2% sind (14)
whereby the average relative velocity becomes
3 W (o3 — 1)
Ua==5U| —omm—1
Loy gmni
- -Y (13)

»-2/3 — ]

Figure 1 shows that this new definition of average rela-
tive velocity is in much better agreement with empirical
data than the ensemble relative velocity. Equations (12)
and (15) can therefore be used as a reliable guide in cor-
relating experimental data to a first approximation. Figure
1 demonstrates also that Equations (10), (11), (13), and
(14) can be employed in analytical evaluations (lo a first
approximation) of convective heat and mass transfers (15,
16).

Comparison of Upet./Us with Uens./U, for various values
of the viscosity parameters g8 is shown in Figures 2 and 3
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Fig. 3. Dependence of average relative velocity (solid lines) and of
ensemble velocity (dashed lines) on the void fraction ond viscosity
ratio, based on the zero-vorticity model.

from which the following conclusions are deduced:

1. Both Urer/Us and Uens/Us are decreased by two
basic effects:

a. For a given value of ®, both velocity ratios de-
decrease as B decreases. For a given fluid-fluid system,
it means that the relative velocity of the assemblage is
decreased as the interfacial viscosity y increases.

b. At constant 8 values, the velocity ratios decrease
due to increase in particle concentration. This effect is
due to hindering interactions among adjacent particles.

2. The relative velocity is highly sensitive to traces of
surfactant impurities (through y and g8), whose effects are
much more pronounced at high concentration of droplets.
This behavior is in agreement with experimental results
(11, 14). _

3. U,/ U are higher than Uey, /U for the same value
of @ and B.

4. As one approaches the limiting case of a single solid
sphere (i.e., when 8 — 0, ® — 0), Uyer. (0r Ueys.) tends
to the Stokes velocity.

5. Viscous flow through assemblages of solid particles,
drops, or bubbles is governed by the same principles.

For fluid-fluid systems in the absence of an a priori
method to estimate y [cf. Equations (4) and (5)], one
may resort to an empirical comparison, such as presented
in Figure 4, which shows the data of Weaver et al. (13)
for methyl isobutyl ketone and isobutanol drops rising
through a quiescent water phase in a 1%-in., Elgin-type
spray column. The organic phase was dispersed through
1/8-in, and 1/16-in. diam. nozzles. The slip velocity of
Weaver et al. is actually the average relative velocity de-
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fined by Equation (9). In their system the dispersed
phase was not of uniform size.

Nevertheless, as will be shown, one may disregard the
size-distribution effect and consider the dispersion to be
composed of uniform droplets with an equivalent radius
equal to the mean volume radius of the size-distributed
dispersion. Then, using Equation (12), one finds that the
theoretical curves for a given value of g follow the general
trend of the experimental data. However, agreement can-
not be considered satisfactory, particularly for the iso-
butanol-water system. For the latter, the ratio up®/u¢ is
0.234. Even if one completely neglects the retardation ef-
fect of possibly present impurities, one should expect the
theoretical curve conforming to the experimental data to
be of a lower value than that found to best represent the
data. Therefore, a large number of experimental tests with
varjous fluid-fluid systems should be carried out before
one can regard Equation (12) as furnishing enough justi-
fication for full confidence in predicting terminal relative
velocities in fluid-fluid particulate systems.

The applicability of the above equations is limited by
the requirement that the Reynolds number be small. How-
ever, the critical Reynolds number for flow separation is
increased considerably as ® increases. At ® = 0.35, for
example, separation may not exist even at Ng, = 500 (9).

PRESSURE DROP IN ENSEMBLES OF
DROPS OR BUBBLES

The pressure drop per unit length of a uniform ensem-
ble can be expressed by

Ap F,N
—_=— 16
L5}
10F
o9F 8§\°
o7k SO \\}:\\Q\
os} \\\o:\;:\::\\\p-zs
2 osf T~2Tp-IBe2
\ \\\ P = ' 5
2 0.4" S~ - l
5 B
0.3}
o.zr
O-l I 1 1 = N I |
o} Q.o 0.20 0.30

$

Fig. 4. Comparison of theory and experimental results for flow
through spray columns. Data of Weaver et al. (13} for flow of
methyl isobutyl ketone (open symbols) and isobutanol (closed sym-
bols) through quiescent water in Elgin-type spray column. Organic
phase dispersed by 1/8-in. (circles) and 1/16-in. (triangles) diam-

eter noxzles. Dashed lines-l.TreL/Us from free-surface model.
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where

N = (17)

2
3

In our treatment of ensembles of uniform drops or bub-
bles, one finds that the drag on a single typical particle in
the ensemble is the same as that on a single particle in an
infinite unbounded fluid (17). Thus

Ap F,o 9 U
e e (g =
l 4 2 a
— na®
3
(18)

However, actual dispersions are seldomly composed of
particles of uniform size. Let us consider theretore, the
pressure drop over a group of spherical drops or bubbles
having a radius between ¢ and (a + da) and belonging
to a large population of particles characterized by a nor-
malized size distribution f(a) expressed in terms of num-
ber density (14). Employing here the subreactor concept
18

d (_Alﬂ) = _F"VN f(a)da (19)
where
N=— 72 (20)
3‘”(53)3
o« 1/3
an=| J." of(a)da ] (21)

Introducing Equations (20) and (21) into (19), and in-
tegrating from 0 to oo, one obtains

Ap
1

which is identical to Equation (18) for an ensemble of
uniform spheres. Using these models one finds therefore
that pressure gradients over ensembles of spheres with
size distributions are similar to those over ensembles of
uniform spheres. This conclusion is general as it is in-
dependent of the nature of the size-distribution function.

=~ (o~ )0 (22)
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NOTATION

)
|

= radius of a spherical bubble, drop, or solid parti-
cle

a3 = mean volume radius defined by Equation (21)
c = concentration of surfactants

D# = diffusivity of surfactants

f(a) = a normalized particle-size distribution function
F, = dragforce

g = local acceleration

K = retardation coefficient defined by Equation (5)
l = length of particulate system

N = number of particles in system

p = pressure

r = radius

AIChE Journel {(Vol. 17, No. 5)

Uens. = velocity of ensemble of drops, bubbles, or solid
particles, Equation (1) or (6)

Ure. = average relative velocity between dispersed and
continuous phase, defined by Equation (9).

Us = Stokes” velocity

V = volume of system

Vy = tangential component of the velocity vector
W = parameter defined by Equation (2)

W’ = parameter defined by Equation (7)
Y = parameter defined by Equation (3)
Y’ = parameter defined by Equation (8)

Greek Symbols

M overall desorption rate constant
viscosity parameter defined by Equation (4)
interfacial viscosity due to surfactants
surface concentration of surfactants
equilibrium surface concentration of surfactants
thickness of Nernst diffusion boundary layer
dimensionless radius, 3 = r/a
cone angle between the radius vector and the
vertical directed in the sense of particle motion

3 > = =< TR

IO T | I VA VA VA T AT

M = viscosity

p = density

o = surface tension

¢ = polar angle in spherical coordinates
® = volumetric dispersed-phase holdup fraction
Superscripts

¢ = refers to the continuous phase

d = refers to the dispersed phase
Subscripts

b = refers to the bulk solution

i = refers to the interface
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